This paper presents an approach to investigate the dynamic characteristic of a 3-DOF stage. The stage is levitated by high-stiffness air bearing and the positioning accuracy can reach nanometer level. The mover of the stage, whose lowest order nature frequency is much higher than control bandwidth, is regarded as rigid body. The air bearing is equivalent to a series of linear and torsion springs, so that the dynamic performance of air bearing can be simulated and the impact to the positioning accuracy caused by air bearing can be studied. Then, an analytical modeling method of the stage based on analysis of rigid body finite rotation is proposed, and the general equation of dynamics with virtual power form is obtained. By using method, the vibration characteristics of the stage when positioning are obtained. The modal experiment is performed on the stage. The experiment results are in good agreement with analysis results, which has verified the equivalence method of the air bearing and the dynamic modeling method of the stage.
Introduction
Ultra-precision positioning stage with high speed and multiple degree-of-freedoms (DOFs) is widely used in semiconductor manufacture system [1] , precision machine tools and ultra-precision measuring instruments. Most traditional motion system equipped with rotational motor, ball screw, rolling element bearings or pressurized fluid bearings etc., suffer from inevitable crawl phenomena and only reach a micrometer-level positioning accuracy, which is not sufficient to meet the stringent requirements of practical ultra-precision manufacture industry. During the past decade, precision stage levitated and lubricated by aerostatic bearing and driven by Lorentz forces is developed. Compared with conventional lubrication mode like oil bearing, aerostatic bearing has many merits such as nearly zero friction, high dynamic performance, low heat generation and contamination, and also the capability to smooth the guide surface error. By eliminating the effects of nonlinear friction and contact, the appliance of aerostatic bearing in precision stage has greatly developed to achieve high positioning accuracy. In order to provide the guidelines for better structure design, detailed research on the dynamic characteristics of a precision stage equipped with air-bearing is carried on in this paper.
Emergence and growth of guiding device with air bearing began as early as 1980s. Van Deuren from Philips Corp. [2] made a linear driver levitated by five air-bearing pads. Though some imperfect design limited the ability to resist the external moment loads and machining loads, this structure is able to provide high-performance motion that can be used for advanced manufacture. Realizing the advantage of the stage with air-bearing, a series of studies and designs have been carried on [3] [4] . Wang, J.M. [5] did in-depth research on air bearing from the perspective of hydrodynamics and thermodynamics. Zhang Ming [6] developed a fast and accurate numerical method to calculate the stiffness of the aerostatic bearing based on solving Reynolds equations. All the research associated with air bearing has laid the foundation for further study on kinematic and dynamic performance of precision stage. Chen Xuedong et al. [7] did a dynamic analysis to a precision stage using finite element method (FEM), air bearing is equivalent to a series of springs corresponding to the air vent. The previous studies have focused on modelling based on FEM, which is not suitable for controller design and structure optimization because of large consumption of computing time. Consequently, a new method for equivalent modelling of air bearing is proposed, and an analytical modelling method for precision stage using general equation of dynamics with virtual power form and analysis of rigid body finite rotation is carried out.
The rest of this paper is organized as follow. In section 2, a brief description of the positioning stage is given. In section 3, the dynamic modeling method is discussed in detail. In section 4, an experiment is carried out to verify the correctness. In section 5, a further discussion and conclusion are drawn.
Description of the positioning stage

Mechanical structure
The ultra-precision stage shown in Fig. 1 , which severs as a prototype of positioning stage in our study, can achieve 3-DOF motion including translational movement along X, Y and small-angle rotational movement around Z. The stroke in X, Y is less than 5 mm, however, the positioning accuracy can reach as high as 4 nm. The ultra-precision stage is mounted on the vibration-isolation table, which can isolate the external vibration sources. The laser interferometer is used as the measurement equipment. The stage is driven by voice coil motors (VCM) whose coils are mounted on the stator (part 3 in Fig.  2 (a)), while magnets and yokes (part 2 in Fig. 2 .(a)) are mounted on the mover. The mover, as illustrated in Fig. 2(b) , consists of the upper part (part 1 in Fig. 2(a) ) and the lower part (part 4 in Fig. 2 (a) ). The lower surface of the mover is abraded in order to be used as the working surface of the air bearing, and the top surface is designed for loading, such as laser interferometer mirror or wafer. 
Working mechanism
A single VCM, shown in Fig. 3 (a), can provide single DOF motion characterized by high speed, high acceleration, fast response and smoothness. The coil of the VCM is placed in the magnetic field, and force along the short side of the coil is obtained while current is applied. In the ultra-precision stage, four VCMs are placed on the XY-plane in a specific shape, so as to produce high-quality multi-DOF in-plane motion by proper combination. Structure of the stator, on which the coil is mounted, shows the combination of the VCM, as illustrated in Fig. 3 (b). Four VCM are divided into 2 groups, VCM 1 and VCM3 produce the force in X direction, while VCM 2 and VCM 4 produce the force in Y direction.
In order to weaken the influence caused by friction, an air bearing with structure shown in Fig. 3 (c) , is mounted under the lower surface of the mover. The bearing is loaded by magnets and has 2 symmetric air feet which consist of 10 orifices. The main benefits of this design include direct drive, high force density, reduction of nonlinearities and disturbances due to friction, which is crucial for high positioning accuracy.
Mathematical modeling
Equivalence of air bearing
The characters of air bearing and VCM have an important impact on the dynamic performance of the stage. The controlled VCMs can be taken as in-plane (XY) forces which sever as the inputs to the dynamic system. The air bearing, which dominates the dynamic performance of the stage around X and Y, is equivalent to a series of springs relating the orifice, commonly. For example, the dynamic character of air bearing in Fig. 3 (c) can be described by 10 springs corresponding to the air vents' positions. This equivalence method is suitable for the stages lubricated by several independent air bearing pads. These air bearing pads have similar dynamic character, and the interaction between them can be neglected.
However, for those air bearing consisting of several orifices whose interaction cannot be neglected, such as the air bearing we are studying, this method no longer fits. The change of the film, such as the thickness or tilting angle, diversifies the springs' parameters separately, which makes the implement of the method complicated. To solve this problem, the air bearing in Fig. 3 (c) is considered as a whole part and equivalent to a spring along Z and two torsion springs around X and Y separately. Because the disturbances are relatively small, nonlinearity can be neglected.
To get the parameters of the springs, Reynolds equation is used to describe the pressure distribution of the air bearing. The velocity cannot be high due to the short motion stroke. Neglecting the velocity term and time-dependent term, Reynolds equation can be written as 3 3 0 x 12 12 ph p ph p
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where p is the pressure distribution in air bearing, μ is the viscosity coefficient, and h(x,y) is the thickness of the film. For the complicated air bearing, no analytical solution can be gotten from this partial differential equation (PDE), so numerical method is needed, such as FEM [3] .
Supposing the film thickness in the center of the bearing is h 0 and the tilt angle of the film around Y is θ, h(x,y) can be expressed as
P can be solved by substitute eq.(2) into eq.(1), and the angle stiffness of the torsion springs k Y around Y and the stiffness of the spring k Z alone Z can be expressed as , , 0 0
where s is the working surface of the air bearing. The angle stiffness of the torsion springs k X around X can be solved in the same way.
Dynamic modeling
Free vibration model analysis is performed on the mover of the stage using finite element method. The lowest order nature frequency is 780Hz which is much higher than the control bandwidth, so taking the mover as rigid body will not reduce the accuracy of the model.
For the simplicity of modeling and computing, a body attached coordinate O 1 X 1 Y 1 Z 1 is set at the centroid O 1 of the stator. When the stage has no rotation around X, Y and Z, O 1 X 1 Y 1 Z 1 is parallel to the global coordinate system OXYZ as illustrated in Fig. 2(b) .
The mass of the mover is notated as m and inertia tensor as J. The mover is designed to be symmetric, so the principal axis coordinate system coincides with O 1 X 1 Y 1 Z 1 . The inertia matrix J (1) can be written as (1) 0 0 0 0
where J X J Y and J Z are principal moment of inertia. The Cardan angles (α, β, γ) are used to describe the spatial rotation of the stage mover. The angular velocity is notated as ω, and the projections on coordinate O 1 X 1 Y 1 Z 1 are notated as ω X , ω Y , ω Z .
According to finite rotation, the relationship between α, β, γ and ω X , ω Y , ω Z can be described as cos cos sin 0 cos sin cos 0 sin 0 1
The general equation of dynamics in forms of virtual power is established by using the Jourdain principle.
where M, M* represent the moments of the active force and the inertia force about O 1 . When the stage is working, the unconstraint Δω can be chosen willingly. Thus the necessary and sufficient condition of eq. (6) is
According to the definition of the inertia tensor and inertia force, M* can be written as
where r is the vector from any point p on stage to O 1 . By substituting eq.(8) into eq. (7), the vectorial mechanics model of finite rotation about a fix point, which can be used to describe the dynamic characteristics of the stage when positioning, is given as eq. (9),
To simplify computing, projection of eq. 9 to coordinate O 1 X 1 Y 1 Z 1 can be written as
where ω (1) , M (1) represent the projection of ω and M to coordinate O 1 X 1 Y 1 Z, (1) ω is a skew-symmetric matrix of ω. So Eq.(10) can be expressed as
Eq.(11) can be rewritten as
(12)
Eq.(12) are the differential equations of the ultra-precision stage. This model can be used for controller design and structure optimization.
Analysis of the stage
The in-plain motion of 3-DOF ultra-precision stage is controllable. However the motion around X and Y which is constraint by air bearing, may greatly influence the positioning accuracy. The torque around X, Y can be given as follow
When positioning, ω Z is nearly zero. According to eq.(13), eq.(12) can be simplified as below
By solving the characteristic equation of eq.(14), the two order natural frequencies of rigid body vibration caused by air bearing are obtained:
Principal moment of inertia can be gotten by using 3D modeling software, such as Solidworks, J X =1.45e-2 Kg m 2 J Y =1.71e-2 Kg m 2 . And the equivalent parameters of air bearing can be gotten by solving the eq.(1) ~ eq.(3) using COMSOL, k X =1.82e4Nm, k Y =7.44e4Nm. By substituting these parameters into eq.(15), the two order natural frequencies are obtained, f X =178Hz f Y =332Hz.
Experiment
To verify the effectiveness of the proposed method experimental modal test is carried out on an ultraprecision stage system as shown in Fig. 5 . Pulse Analysis Platform from B&K is utilized for excitation signal generation and data acquisition. Nine accelerometers are fixed on the top surface of the mover to record the response signals of the excitation caused by the impact hammer, and the ME'scope, which can help to figure out the natural frequencies and corresponding model shapes from response signals, is used for post-processing. The test is conducted over ten times, and the result is the average of all. The experimental result is listed Tab. 1, and the mode shape is shown in Fig. 4(b) and Fig. 4(c) . Tab. 1 shows the experiment results and analysis results. By comparison, the analysis results are in good agreement with experiment frequencies and the deviation is 10% below, which proves the correctness of equivalence of air bearing and analytical modeling method of the stage.
Discussion and Conclusion
It's well-known that, for 3-DOF positioning stages, the vibrations around X and Y which are caused by air bearing is uncontrollable and may greatly reduce the positioning accuracy. By analyzing, the vibration frequencies are much lower than the control bandwidth. From the perspective of controller design, these vibrations must be taken into account and certain filter should be designed to limit the input energy at these frequencies. The parameters of air bearing should be carefully chosen and the angle stiffness should be optimized so as to increase the vibration frequencies.
In this paper, the dynamic characteristic of a 3-DOF ultra-precision positioning stage is studied in terms of mathematical modeling. The dynamic equivalence method of air bearing is proposed to simulate the influence to positioning accuracy caused by air bearing. An analytical model based on rigid body finite rotation and Jourdain Principle is obtained, which can be used for controller design and structure optimization. The experimental modal analysis is designed and performed the 3-DOF ultra-precision stage; the experimental result shows that the modeling method is reasonable and reliable. Overall, this research is contributed to the study of dynamic modeling method. And this method can be generalized to the multi-DOF positioning stage with air bearing to improve the dynamic performance of the stage.
